We deal with the Noether symmetry classification of a nonlinear fin equation, in which thermal conductivity and heat transfer coefficient are assumed to be functions of the temperature. In this study Noether symmetries of the fin equation are investigated using the partial Lagrangian approach. This classification includes Noether symmetries, first integrals and some invariant solutions with respect to different choices of thermal conductivity and heat transfer coefficient functions.
Introduction
The aim of the present study is to classify the Noether point symmetries of a fin equa- This study is organized as follows. In Section , we present some fundamental definitions of the Euler-Lagrange operator, partial Lagrangian and partial Noether operators.
In Section  we discuss the nonlinear fin equation and the corresponding determining equations. This section also includes different cases corresponding to different choices of thermal conductivity and heat transfer coefficient. Furthermore, Noether point symmetries and first integrals for each different case are presented. Section  presents some invariant solutions, and the last section summarizes some important results in the study. http://www.journalofinequalitiesandapplications.com/content/2013/1/147
Preliminaries
Suppose that x is the independent variable and y = (y  , . . . , y m ) is the independent variable with coordinates y α with respect to x given in the following form:
where D x is the total derivative operator [-], with respect to x, which is defined as
Here, the vector space of all differential functions of all finite orders is represented by A that is a universal space. Also, operators apart from the total derivative operator (.) are defined on the space A.
Definition  The operator
is called the Euler operator or Euler-Lagrange operator.
Definition  The generalized operator is given by
and W α is the Lie characteristic function
Here we can rewrite the generalized operator (.) in terms of a characteristic function as follows:
and the Noether operator associated with a generalized operator X can be defined
Now let us consider a kth-order system of an ordinary differential equation
Definition  The first integral of the system I ∈ A (.) can be written in the form 
A be a partial Lagrangian, and let X be a Lie-Bäcklund operator of the form of (.). If there exists a vector B ∈ A, B = NL + C, C = constant, we have the following relation: Definition  X is a Noether point symmetry corresponding to a Lagrangian of the system of differential equations (.) if there exists a function B(x, y). In addition, X is a Noether point symmetry corresponding to a Lagrangian of the fin equation, then I is the first integral associated with X, which is given by the expression []
(.)
Noether symmetries of a fin equation
We now consider the Noether symmetry classification of the nonlinear fin equation
where K and H are thermal conductivity and heat transfer coefficient, respectively, which are considered as functions of temperature, and y = y(x) is the temperature function and x is a dimensional spatial variable. 
and the partial Lagrangian L for fin equation (.) can be written as
and if we apply Euler-Lagrange operator (.) to Lagrangian (.), then we obtain
In addition, if we rewrite the fin equation in the form
In relation (.), the partial Lagrangian (.) has at most first order derivatives, and then we can take α =  and write the following definition:
and D x (B) is defined in the form
By application of the first prolongation of the generalized operator (.) X () to Lagrangian (.), we get
where η  is defined in the form [-]
The expansion of the form of (.) by using the definition of the first prolongation of the Noether operator and relations (.)-(.) is written as follows:
The usual separation by powers of derivatives of y (.) reduces to the following determining equations:
To find the infinitesimals ξ and η, the determining equations (.)-(.) should be solved together. First, from the solution of equation (.), we have that
where b(x) is a function of x. Thus, if we differentiate (.) with respect to x and (.) with respect to y, then we can eliminate the function B(x, y) from equations (.)-(.), and we obtain the following single equation:
which
is a differential equation including unknown functions K(y), H(y), a(x) and b(x). Using equations (.)-(.), one can classify Noether symmetries and the corresponding first integrals of nonlinear fin equation (.) based on different forms of the thermal conductivity K(y) and the heat transfer coefficient H(y) and differential relations for a(x) and b(x).
Case :
In equation (.), if we consider K(y) = k(constant), then we obtain the following differential equation for H(y) function:
Now we analyze differential equation (.) for different H(y) functions corresponding to different solutions of (.), and we get differential relations between functions a(x) and b(x), which give Noether symmetries and the corresponding first integral for each case. http://www.journalofinequalitiesandapplications.com/content/2013/1/147
In (.) it is clear that a (x) = , ha (x) -b (x) = . From the solutions of a(x) and b(x), we obtain the following infinitesimal functions:
and the corresponding Noether symmetries
(.)
By using relations (.) and (.), the function B(x, y) is found in the form
where c i , i = , . . . ,  are constants. Thus, the first integrals (conserved forms) for nonlinear fin equation (.) can be calculated by using expression (.) and by considering each group parameter c i .
Based on the similar calculation in the first case, if we take H(y) = y, we obtain the infinitesimals ξ and η by solving equations a (
where c i , i = , . . . ,  are constants. The corresponding generators are
and the gauge function is
where c  is an arbitrary constant and the first integrals are found by using the expression (.)
In equation (.), if we take H(y) = y n , then we obtain
which gives a (x) = , and b(x) =  gives ξ and η
where c  is a constant. Then the infinitesimal generator corresponding to (.) is
and the first integral is written similarly to the previous case
For this case, it is clear that the infinitesimal functions are
where c  is a constant, and the generator is and the first integral is
For this case, the infinitesimals are found as follows:
where c  is an arbitrary constant, and the generator is
and the first integral is
Case .: Arbitrary function H(y).
We find that
where c  is a constant and the generator is
Case : K(y) = k Exp(αy), k and β are constants. In equation (.), if we take K(y) = k Exp(βy), we obtain the following differential equation in terms of H(y) function αb(x) + a (x)e yα k H (y) + e yα kαa (x)H(y) -e yα k αb (x) + e yα ka (x) = , (.) and consider the following cases as the solutions of (.), and we get the mathematical relations between functions a(x) and b(x). In (.) k = , then the term in the parenthesis must be zero, which gives a (x) =  and ha (x) + b (x) = , then the infinitesimal functions are found as follows:
Case .: H(y) = h(constant).

For this case, differential equation (.) yields
where c i , i = , . . . ,  are constants, and we have following five infinitesimal generators:
and we have the gauge function
and the corresponding first integrals
Case .: Arbitrary H(y).
For an arbitrary H(y) function, we obtain infinitesimal functions in the form
where c  is a constant, and the infinitesimal generator is
and the gauge function is 
where c  is a constant and the infinitesimal generator is
where ExpIntegralEi is a special function on the complex plane. For real nonzero values of x, the exponential integral Ei(x) is defined as
If we take H(y) = h is constant, then we obtain the following equation:
and we find the infinitesimal functions from the solutions of a (x) =  and -h(+β)a (
where c i , i = , . . . ,  are constants. In this case, we have the following five infinitesimal generators:
Using equation (.), we obtain three first integrals
For this case, equation (.) is equal to
and by using (.), the infinitesimals functions become
where c i , i = , . . . ,  are constants and the infinitesimal generators are
and we have four first integrals
I  = ky -hxy y  hx  + k ln y y -kxy ,
(.)
Invariant solutions
Some group invariant solutions of nonlinear fin equation (.) can be constructed from the Noether symmetries and the first integrals. In this section, we consider some different special cases to present invariant solutions of (.). Case . For the case K(y) = k(constant) and H(y) = h(constant), the first conservation law is
Then the expression D x I =  gives the following invariant solution of fin equation (.):
where c, c  are constants. Case . As another case, if we consider K(y) = k(constant) and H(y) = y, then the first integral becomes
and D x =  yields the following solution: and by integration of (.), we find the group invariant solution in the following form:
where c  is constant, which satisfies fin equation (.).
Concluding remarks
In this study we analyze the Noether symmetry group classification of a nonlinear fin equation, which is a second-order nonlinear ordinary differential equation. Here, we consider thermal conductivity and heat transfer coefficient as variable functions of temperature, and the nonlinear fin equation is considered in a one-dimensional model describing heat transfer in rectangular fins. From the mathematical point of view, it can be said that this problem is highly nonlinear. Here, we consider applying a partial Lagrangian approach for the classification to this problem. For different heat transfer coefficient and thermal conductivity functions, we obtain Noether point symmetry algebras. Finally, we find the corresponding new first integrals for each case, the results are presented in a Table  , and for each case, some invariant solutions are obtained from the first integrals (conserved forms). This study can be considered as one of the first studies on the Noether symmetry classification of differential equations in the literature. In addition, it is important to mention that the λ-symmetry method is another new approach to finding first integrals for differential equations. As a further study, we will deal with the λ-symmetry classification of the same problem. This study is still in progress.
